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Abstract.
Aiming at improving our knowledge of the low-energy limit of heterotic orbifold
compactifications, we determine at lowest order the Ka¨hler potential of matter fields in the
case where more than three bulk Ka¨hler moduli appear. Interestingly, bulk matter fields couple
to more than one Ka¨hler modulus, a subtle difference with models with only three Ka¨hler moduli
that may provide a tool to address the question of moduli stabilization in these models.
1. Introduction
String theory is possibly the prime candidate for an UV-complete and unified description of
particle physics and cosmology. In order to make contact with our observable 4D universe,
expecting N = 1 supersymmetry at some scale, the six extra dimensions predicted by the
theory must be compactified on Calabi-Yau manifolds or orbifolds. Below the compactification
scale, the features of the resulting SUGRA theory are entirely determined by the geometry and
topology of the compactification space. Thus, one expects to identify a compactification space
that yields the standard models of particle physics and cosmology.
Toroidal orbifold compactifications of the E8×E8 heterotic string
1 have shown to lead to large
sets of models that, beyond reproducing properties of the MSSM, provide plausible solutions to
problems of particle physics [5, 6, 7, 8, 9, 10]. However, to study the cosmological consequences
of this scheme one has still to overcome the hurdles posed by moduli stabilization. Bulk moduli
are complex scalar fields parametrizing the size and shape of the compact space; they have a
flat potential at tree level in the effective theory of these models, leading thus to undesirable
properties, such as unobserved fifth forces. Efforts to solve this issue have been made [11, 12],
revealing that it is still unclear whether orbifold compactifications can lead to stable 4D vacua.
Addressing moduli stabilization requires knowing the details of the associated effective
field theory. In N = 1 preserving heterotic orbifolds, one then needs to determine the
superpotential, the gauge kinetic functions and the Ka¨hler potential. The former two have been
computed2 even considering some non-perturbative contributions [17, 18, 19, 20, 21]. The Ka¨hler
potential is less known because, among other things, it is not protected by non-renormalization
theorems [22], although it has been explicitly obtained at leading order in some cases [23, 24].
1 See e.g. [1, 2, 3, 4] for details on heterotic orbifold compactifications in the bosonic formulation.
2 Yet, despite the great progress on coupling selection rules [13, 14, 15, 16], there remain some details to clarify.
In this contribution, after briefly reviewing the origin of bulk moduli in heterotic orbifolds, we
reconstruct the Ka¨hler potential for one previously unexplored case: when more than three bulk
Ka¨hler moduli arise. To achieve this goal, we present the computation of the relevant scattering
amplitudes in the underlying CFT of the heterotic string and then compare them to the SUGRA
results, which leads to the Ka¨hler metric and thus the Ka¨hler potential.
2. Untwisted moduli in orbifold compactifications
We focus here on the simplest Abelian toroidal orbifolds, defined by the quotient T6/Zn, with
Zn = {θ = ϑ
k | 0 ≤ k < n}, (1)
where n is restricted by the crystallography of T6 to be one of the choices presented in table 1
and the Zn generator ϑ acts on the T
6 complex coordinates, zi, i = 1, 2, 3, as
ϑ : zi → zie
2πivi , 0 ≤ |vi| < 1, i = 1, 2, 3 , (2)
where the twist vector v = (v1, v2, v3) is subject to the N = 1 condition ±v1 ± v2 ± v3 = 0. In
table 1 we provide a choice of the twist vectors for all admissible Zn orbifolds.
Invariance of the toroidal metric under the orbifold action leads to the bulk or untwisted
moduli. The number of bulk moduli is given by the Hodge numbers h1,1 and h1,2, counting
respectively Ka¨hler moduli T and complex structure moduli U . Table 1 displays the number of
modular fields of each kind. Notice particularly that, even though most of these orbifolds have
three Ka¨hler moduli Ti, each associated with one of the coordinates zi, there can appear up to
nine of these moduli, labeled as Tij , i, j = 1, 2, 3.
Besides bulk moduli, there appear matter states Φα of two species: bulk matter states, free to
move everywhere in 10D, and twisted or localized matter states that are linked to the singularities
of the orbifold, yet free in the uncompactified space. Matter states build the matter content of
the emerging field theory and can reproduce the properties of MSSM superfields.
In orbifold compactifications without Wilson lines, the effective field theory is invariant
under SL(2,Z) modular transformations of each of the bulk moduli. The resulting target-space
modular group [SL(2,Z)]h
1,1
T ×[SL(2,Z)]
h1,2
U is broken down to some congruent subgroup in semi-
realistic models due to the inclusion of Wilson lines [25, 26]. Bulk and twisted matter states Φα
transform non-trivially under the modular group [27, 28], according to their modular properties
encoded in the so-called modular weights nα and ℓα, for T and U symmetries respectively, which
are vectors of fractional charges that can be determined from the computation of the Ka¨hler
potential contributions involving both bulk moduli and matter fields.
Table 1: Twist vectors and Hodge numbers of Zn orbifolds
Zn twist vector h
1,1 h1,2 Zn twist vector h
1,1 h1,2
Z3
1
3
(1, 1,−2) 9 0 Z8-I
1
8
(1, 2,−3) 3 0
Z4
1
4
(1, 1,−2) 5 1 Z8-II
1
8
(1, 3,−4) 3 1
Z6-I
1
6
(1, 1,−2) 5 0 Z12-I
1
12
(1, 4,−5) 3 0
Z6-II
1
6
(1, 2,−3) 3 1 Z12-II
1
12
(1, 5,−6) 3 1
Z7
1
7
(1, 2,−3) 3 0
3. Ka¨hler potentials for orbifold compactifications
The Ka¨hler potential when three bulk Ka¨hler moduli, none or one complex structure modulus
(see table 1) and some matter fields are present, is given by [28]
K = −
3∑
i=1
ln(Ti + T i)− δ
h1,2
1 ln(U + U) +
∑
α
3∏
i=1
(U + U)−ℓα(Ti + T i)
−niαΦαΦα . (3)
The modular weights of an untwisted matter field Φα are n
i
α = −q
i
α and ℓα = −q
3
α, with qα
denoting the Neveu-Schwarz right-moving momentum of the field (with entries 0 or −1); and
for twisted states Φα of the θ-sector they are given by
niα = 1− η
i
α −∆N˜
i
α , ℓα = 1− η
3
α +∆N˜
3
α for η
i
α 6= 0 ,
niα = η
i
α , ℓα = η
3
α for η
i
α = 0, i = 1, 2, 3 ,
(4)
where ∆N˜ iα denotes the number of holomorphic minus antiholomorphic left-moving oscillator
excitations in the zi complex plane generating the state, and ηi = kvi mod 1, such that
0 ≤ ηi < 1, in the θ = ϑk twisted sector. ℓα = 0 ∀α if h
1,2 = 0.
For models with more than three Ka¨hler moduli, we expect K to have a similar form, but
the slight differences may be relevant for moduli stabilization. In general, denoting any bulk
modulus as M , the Ka¨hler potential of interest can be written as an expansion of the matter
fields Φ as
K(M,M,Φ,Φ) = K(M,M ) +
∑
α,β
K,αβ¯ Φ
αΦβ¯ + ..., (5)
where K is a function that has been determined through dimensional reduction of 10D SUGRA
theories [29] as it only depends on the effective behavior of the moduli. On the other hand,
K,αβ¯ is an unknown function of the bulk moduli that describes the coupling between moduli
and matter fields, that carry full information from the original string theory.
In string models, this function can be obtained at first order from four-point scattering
amplitudes [23, 24], which are determined by the correlation functions between the asymptotic
states |Φ〉 and |Φ′〉 corresponding to the matter fields Φ and Φ′, affected by the interaction with
the vertex operators VM and VM ′ associated with the moduli M and M
′. Schematically, the
amplitude to compute reads A(M,Φ, (Φ′)†, (M ′)†) := 1
4π
∫
dz2〈Φ′|V
M
′VM |Φ〉.
The vertex operator of a Ka¨hler modulus Mae¯ with components in the z
a and z¯e¯ complex
directions, and in the 0-ghost picture, takes the form (we set α′ = 1/2) [30]
V0(Mae¯, k, z, z¯) =
(
∂zX
a
R +
1
2
ΨaRk ·ΨR
)
eik·XR∂z¯X
e¯
Le
ik·XL , (6)
where X and Ψ are the bosonic and fermionic worldsheet fields and k is the momentum of M ,
Latin indices are 1, 2, 3. On the other hand, the Neveu-Schwarz components of the matter states
with gauge momentum pα are given by [31]
|Φα〉 = b
αi
−1/2|0〉R ⊗ |pα〉L , αi = 1, 2, 3 untwisted sector,
|Φα〉 = Ωα|0〉R ⊗ Ω˜α|pα〉L twisted sector,
(7)
where Ωα and Ω˜α are products of right and left-handed oscillators, respectively, in possibly
various complex directions. Consequently, in contrast to untwisted states, a twisted state |Φα〉
can carry more than one index i = 1, 2, 3 and many oscillators in various directions.
Using the canonical formalism in CFT, we can now compute the correlation function
associated with the scattering of two untwisted matter fields and two Ka¨hler moduli. After
a lengthy computation, the result reads
A(Mae¯,Φγ , (Φβ)
†, (Mbf¯ )
†) =
1
32
δe¯f¯
(
δγβδab
us
t
+ sδγiaδβibδγβ
) Γ(1− u/8)Γ(1− s/8)Γ(1− t/8)
Γ(1 + u/8)Γ(2 + t/8)Γ(1 + s/8)
, (8)
where s, u, t are the kinematic Mandelstam variables of the process. We are interested in this
result at low energies, i.e. when |s|, |u|, |t| ≪ 1. In this case, (8) takes the form
A(Mae¯,Φγ , (Φβ)
†, (Mbf¯ )
†) ≈
1
32
δe¯f¯
(
δγβδab
us
t
+ sδγiaδβibδγβ
)
. (9)
Now, in SUGRA one can also determine the analogous amplitude in terms of the fields instead
of strings and then express it in the small-moduli limit (M ≪ 1), by generalizing the methods
developed in [32]. A is given thus by
A(Mae¯,Φγ , (Φβ)
†, (Mbf¯ )
†) ≈
1
32
(us
t
δabδe¯f¯δγβ + sGγβ¯;ae¯,bf¯ (0, 0)
)
, (10)
where Gγβ¯;ae¯,bf¯ (0, 0) is the derivative of the Ka¨hler metric with respect to the moduli Mae¯ and
(Mbf¯ )
† in the small-moduli limit. Contrasting (9) and (10), we can readily conclude that the
Ka¨hler metric is
Gγβ¯ ≈ δγβ + δγβδe¯f¯ δγiaδβibMae¯(Mbf¯ )
† , (11)
which is, by definition, the function K,γβ¯ in (5).
From (11), we find that, if the in and out states coincide, i.e. γ = β, then γi = βi and, after
the holomorphic field redefinition Mi¯ → 1 − Tij/1 + Tij , a Ka¨hler transformation and taking
the small-moduli limit, the relevant contribution to the Ka¨hler potential reads
K ⊃
∑
e
(
1 +Mβie¯(Mβie¯)
†
)
|Φβ|
2 −→
∏
e
(Tβie + T βie)
−1|Φβ|
2 . (12)
Note that, in contrast to dimensional reductions of 10D SUGRA [29], orbifold compactifications
do not yield terms proportional to ΦβΦγ¯ , with β 6= γ. The modular weights of Φβ in the
untwisted sector are directly read off (12). They build now the matrix nijβ = δ
i
βi
∀j, where the
values that i, j take depend on the Ka¨hler moduli present in the model. In the Z4 and Z6-I
orbifolds, only Tij with i, j = 1, 2 and T33 exist.
The computation for the twisted sectors is analogous. There are several sources of differences
though. First, the expressions for XaR, Ψ
a
R and X
e¯
L in the vertex operator (6) of a modulus Mae¯
depend on two components of the twist, ηa and ηe¯ = ηe. Secondly, the asymptotic states |Φα〉
carry non-trivial oscillators (with frequencies that depend on the twist) in various directions.
Massless states exhibit holomorphic and antiholomorphic oscillators in XL, whose difference in
the compact direction zi is denoted ∆N˜ iα; right-moving bosonic oscillators in ΨR of the type b
i
ν ,
for some frequencies ν = ν(ηi), affect the correlators; and there are no oscillators from XR in
massless states. These features leave their trace in the expressions of the correlators. Setting
first ∆N˜ iα = 0, after a lengthy computation, we arrive at
A(Mae¯,Φβ ,Φ
†
γ , (Mbf¯ )
†) = δγβδabδe¯f¯
s
32t
(u+ t(1− ηe¯β))
Γ(1 − ηe¯β − u/8)Γ(η
a
β − s/8)Γ(1− t/8)
Γ(ηe¯β + u/8)Γ(2 + t/8)Γ(1 + s/8− η
e¯
β)
. (13)
Including oscillators and taking its low-energy limit (using that ηaβ = η
e¯
β for non-diagonal moduli)
yields
A(Mae¯,Φβ ,Φ
†
γ , (Mbf¯ )
†) ≈ δγβδabδe¯f¯
s
32t
(
u+ t(1− ηaβ +∆N˜
a
β )
)
. (14)
We must now compare this result with the SUGRA analogue, to identify the Ka¨hler metric,
which for twisted states turns out to be
Gγβ¯ ≈ δγβ + δγβδabδe¯f¯ (1− η
a
β +∆N˜
a
β )Mae¯(Mbf¯ )
† . (15)
As in the untwisted case, by performing the proper transformations and considering the small-
moduli limit, we finally obtain
K ⊃
∑
a,e
(
1 + naeβ Mae¯(Mae¯)
†
)
|Φβ|
2 −→
∏
a,e
(Tae + T ae)
−nae
β |Φβ|
2 , (16)
where we have identified the twisted modular weights as naeβ = 1 − η
a
β + ∆N˜
a
β ∀e. We realize
that (12) and (16) are very similar, but they have two differences. The first one is the expression
for the modular weights, given under these equations. The second one is that the Ka¨hler
contribution of the twisted fields prescribes a kinetic interaction between these fields and all
Ka¨hler moduli, whereas the untwisted fields interact only with a subset of the moduli. The
latter is also an interesting difference with respect to compactifications with only three bulk
moduli: each bulk matter field interacts only with one Ka¨hler modulus in those models.
From our discussion, we find that the Ka¨hler potential at leading order in heterotic orbifold
compactifications endowed with more than the three diagonal Ka¨hler moduli takes the form
K = − ln det(Tij + T ij)− δ
h1,2
1 ln(U + U) +
∑
β
∏
i,j
(U + U)−ℓβ (Tij + T ij)
−nij
β ΦβΦβ¯ , (17)
where the Ka¨hler modular weights are defined below (12) and (16), and the complex structure
modular weights are given in (4). The first contribution in K is a result of dimensional reduction
in SUGRA [29], which applies here because bulk moduli of heterotic orbifolds behave just as in
a SUGRA compactification.
4. Discussion and forthcoming research
This proceedings contribution has been devoted to ameliorating our understanding of the
SUGRA limit of supersymmetric heterotic orbifold compactifications. We have reconstructed
the Ka¨hler potential at lowest order in the case where bulk and twisted matter fields interact
with more than the three usual bulk Ka¨hler moduli. To do so, we computed the associated
four-point scattering amplitudes within the formalism of the underlying CFT of the heterotic
string and compared them with the known analogous result in SUGRA.
Our findings are summarized in eq. (17). In the presence of multiple bulk Ka¨hler moduli in
orbifolds, the structure of the couplings between matter fields and bulk matter fields becomes
richer than in models with only diagonal Ka¨hler moduli. Especially, each bulk matter field is
coupled to more than one Ka¨hler modulus. This feature may become instrumental to address the
longstanding issue of moduli stabilization, which might only find a solution in a model-dependent
basis, in promising Z4, Z6-I heterotic orbifolds [10] with more than three moduli. From there,
one can aim at gaining some insight into the string cosmology of these constructions.
Our result also reveals further details about the modular properties of the effective fields
in heterotic orbifolds. Provided that the modular weights can be regarded as charges of the
target space modular symmetries, on may ask oneself if they can play a role in some 4D particle
phenomenology, as it has been sometimes suggested (see e.g. [33]).
Our results are only the starting point of a long quest, whose progress shall be reported
elsewhere. We should be able to compute further corrections of the Ka¨hler potential and thereby
try to identify some symmetries governing its structure. The final goal would be to configure
the final shape of the effective SUGRA theory in these simple compactifications.
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